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Using a new representation f the permanent function it is shown that the permanent 
of the incidence matrix of a v - k -- A configuration is divisible by a high power of 2 
if k, )t are even. 
In this note we obtain a new representat ion o f  the permanent  funct ion 
for  certain classes of  (0,1)-matrices and apply it to deduce that the perma-  
nents o f  certain incidence matrices are divisible by high powers of  two. 
a n If  A = ( i~)ij=l is an n • n matrix, define 
f (xl , xz ..... x,,) = a,.xv 
/z=l = 
(1) 
and then 
per  A = ~/ J " (x1  . . . . .  xn)  
~X 1 ~X 2 .. ,  ~X~2 . (2 )  
On the other hand, 
f (x~ , x2 ,..., x,O = e ~(~' ..... x.), (3) 
where 
..... x.)-- a .0  
/z=l = 
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194 
DIVISIBILITY PROPERTIES OF THE PERMANENT FUNCTION 195 
Now suppose the row sums of A are all equal to k, and the entries of A are 
zeros and ones. Then 
~(X 1 , X2,..., Xn) 
= ~ log (k + ~ a,~(x~- 1)) 
~=1 u=l 
=nlogk  + ~ ~ ( - -1)m+l  n 1)ira 
= n log k 
(4) 
Define 
(__ 1)m+ 1 
+ mk m m~l 
~ a..~ "" a. . . (x .~- 1).." (x~-  1). 
r 1 . . . . .  vm~l  ,~=1 
f~(l~ 1 . . . . .  b'm) = ~ a..,"'a.~,., 
which is the number of rows of A, all of whose entries are 1 in columns 
vx ..... vm. Then, if ~1, c~2 ..... ~ is any set of distinct integers chosen from 
1, 2,..., n, we find by differentiating (4) that 
8~b ] ( - -1)r+l(r-  1)! 
- -  gr ~(~ ..... ~) (r > 0). (5) 
~Xe~l ~' : -~Xcq " ~=(1.1 . . . . .  1) 
It remains to express the derivative in (2) in terms of the derivatives 
in (5). 
The following assertion is easy to establish by induction: 
an 
OxlOx2""~x ~
e* = e* ~ ~bsl~s, "" ~bs., (6) 
where the notation ~bs means 
if S is a set of integers ~1 .... ,%, and the sum in (6) is extended over all 
decompositions 
[1,2 ..... n] =&wS2u" 'wS~ 
Si ~ St = ~(i =/= j) (7) 
In other words, the sum in (6) is over all equivalence relations on 
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1, 2 ..... n, or over all "class partit ions" of 1, 2 ..... n, to mention a few of the 
terms in use to name (7). Putting together (2) to (6), we arrive at ~ 
THEOREM 1. Let A be a square matrix of  O's and l's with constant row 
sums. For each non-empty subset S of 1, 2,..., n define 
h(S) = - (p  - 1)! ~(s) (p = #s) ,  (8) 
where (~(S) is the number of  rows of A all of  whose entries ai j( j  ~ S) are = 1. 
Then 
per A = (--1)" Z h(S~) "" h(&), (9) 
where the sum extends over all class-partitions oJ'{ 1, 2 ..... n}. 
The number of terms in (9) is nearly (n/(log n)) n, which is rather too 
large to make it useful for computation. This judgment is not altered by the 
observation that only sets S with #S ~< k need be considered. 
Nonetheless, the representation (9) can be used to prove divisibility 
properties of per A. We have 
THEOREM 2. Let A be the incidence matrix of  a (v, k, A)-configuration. 
Suppose that k and A are even. Then, for v >~ 3, per A is divisible by 
2[r 
To prove this, consider a term 
h(S1)' . .h(St ) (10) 
in the sum (9). I f  #S i  = 1, then q~(S,) = k, h (&)  = - -k .  i f  #S ,  = 2, 
h(&) = --A. Thus the term (10) is of the form 
• k~ 1-[' h(S0, 
i 
where the product is over # & >~ 3. I fp i  = # Si ,  then (pi -- 1)! divides 
h(&) and consequently the term (10) is divisible by 
2o+~ I:I (p~ - l)!, (11) 
i 1 
where 
pi ~ 3 (i = 1 ..... r) 
~ Pi = t ' - -  (a - -  b) 
i=1  
(12) 
1 Professor Ryser informs me that this result can also be deduced from unpublished 
work of W. Gustin and J. E. Graver. 
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Hence we define the number-theoretic function 7(m) as follows: 7(m) 
is the highest power of 2 which divides 1-I(p~ -- 1) ! for all sets Pi such that 
p~ >~ 3, pi = m, and we prove 
LEMMA 1. We have 
m+3 
),(m) ~ [ ~ ]  (m =7/= 1, 2, 5), 
while 7(1) = ),(2) = 0, 7(5) = 3. 
PROOF: If  m is given, let Pl ,..., Pr be a set which attains the minimum. 
Suppose m > 5. We claim that among the pi are only 3's and 4's. First, 
if some pi ~ 6, replace it by two new p's, namely p~ -- 3 and 3. One checks 
easily that the highest power of two which divides 1-[(p~- 1)! thereby 
decreases. Hence all Pi ~< 5. If  only 5's occur, then at least two fives occur, 
and replacing 5 § 5 by 3 + 3 § 4 will again lead to a contradiction. 
Similarly if a 5 and a 4 occur, replace them by 3 § 3 § 3, while a 5 + 3 
is replaced by 4 § 4, in all cases contradicting the minimality assumption. 
It follows that ~(m) is the minimum of k § l over all representations 
m = 3k + 4l (m > 5), ore equivalently, m -- 37(m ) is the maximum l in 
such representations, which leads to the iesult stated. 
It follows that (11) is divisible by power 
a + b + 7(v -- a - -  b) 
of two, and the minimum of this for 0 ~ a + b ~ v is, after the lemma, 
the result stated in Theorem 2. 
As a corollary, it follows that, ifA is the incidence matrix ofa  v -- k -- h 
configuration with k, A even, and if 
per A > I det A [ = k(k - -  A) (v-1)/2, (13) 
then actually 
per A ~ k(k --  A)(~-~I/2 + 2t(~+a)/41. (14) 
The relation (13) is presumably always true except for (v, k, A) : (7, 3, 1), 
though this has not been proved. 
